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Chink phuc BDT trong ky thi Quoc Gia 


Nguyen Tien Chink 


KY THU AT DANH GlA Tl/NG BIEN BANG HE SO BAT DINH 
CO SO LY THUYET 

Bat dang thric dua dupe ve dang / (a,) + / (a 2 ) + •••+ / ( a n )- m (- m ) vaigiathiet 
a* +0,2 +... + a * — h . 

• Y tuong: Khi do ta tim each danh gia / (a ] ) > aa\ + f5 (*) 

Voi du 1 doan duoc dau bang xay ra tai tarn la a { = a 0 I i — l,n ) 


De (*) dung thi 


f(a 0 )>aa* + p 

, hr day ta tim duoc a, p. 

f'(a 0 )>aka 0 ~ 


Khi do chung minh lai (*) ta co the dung bien doi tuong duong hoac dung phuong phap 
ham so voi luu y can han che mien cua bien tu di'eu kien rang buoc. 

Tom Lai: Phuong phap se la cong cu rat manh neu co hai dac diem sau 

1. Dua dupe bai toan ve dang / (a ^) + / ( a 2 ) + ... + / ( a n ) > m (< m) 

2. Diem roi cua bai toan xay ra khi a 1 =a 2 = .= a n 


Cho cac so there a,b,c duong va a+b+c = 1 . Hay tim gia tri 

t ' u -Vi. 7 * • a 7 ,-i / _ 1 a 1+b 1 ~\~c 

Lon nhat cua bieu thuc P = - ~-\ --h- - 

2a 2 + fl — 2b 2 + (l-b) 2c z + fl-c) 


Phan tich va huong dan giai 

o Bai toan da co dang / («)+/(&) + / (c) ( cac bien hokr toan doc lap ) 

o Vai tro giua cac bien la nhu nhau, do do ta de dang du doan diem roi la 

, 1 
a=b=c=— 

3 

o Bai toan yeu cau tim gia tri Ion nhat nghia la danh gia P < M = ? 

Ket noi nhung dieu tren cho ta y tuong danh gia bdt phu - 


1 + x 


-<mx + n 


2x 2 +(l-x 

Cong viec con lai la tim m,n. Voi viec danh gia diem roi nhu tren, de tim m,n ta 


dung he sau 


’ fl) 1 

J 3 3 

— m+n=2 

\ \ <+■ 

3 <t»- 

J l) 

3 

f\-\ = m 

3j 

m = — 

2 


3 

m = — 
2 

3 

n = — 
2 


1 + x 3 3 -fl + x)(3x-l) , , 

Ta chung minh-—-- <-x + - ^^- < 0; Vx e 0;1 

- ” 7 ,\ 2 2 2 ~ ^ . /„ \2 v y 


2x 2 + (l - 


2x +[l — x) 


Dau bang xay ra khi x = —. Vay ta co lbi giai sau. 
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Chink phuc BBT trong ky thi Quoc Gia 


Nguyen Tien Chink 


Ta chung minh 

2 1 + U 2 < 1 ^ 1) < 0; Vfl £ ( 0; X ) dau blng X 4 y ra 

2a+(l — a) z z 2a+(l — a) 


—-< ^ b +1 ft + ^X 3 * 7 *) < 0; V& e (0; l) (l) dau bang xay ra 


2& 2 +(l-&f 2 2 2b 2 + (l-b)‘ 

_ 1 
~ 3 

! + c / 3 - i 3 o -(l+c)(3c-l) : 


* & = I 

3 


2c +(l —c) 


<+b = - 
3 


2c 2 + (l- 


< 0; Vc e (0; l) (3) dau bang xay ra 


Cong ve vdi ve cua (l), (2), (3) ta co 

o 1+fl 1+fc 1+C 3/ , \ 9 

P = --H--H- -<-[a + b + c) + - = 6 

2a 2 +(l —a) 2fr 2 + (l-b) 2c 2 +(l-c) 2 2 

Vay gia tri Ion nhat cua, MaxP — 6 <+ a = b = c = -^ . 

• Luu y: De cong viec chung minh d budc phan tich that don gian ta su dung 
may tinh CASIOFX - 570ES ho trp nhu sau 


1. Tinh / — ,tanhap 


1 + x «*••*=- A 1 


2x 2 +(l —* 

2. Tinh /'[-) Nhap > Shift + J^dx- 


f - =2 
7 ! 3 



1 + x 

' dx 

2x 2 +(l -xf 


, , , i + x 3 3 — (1 + x) (3x — l) 2 , , 

3. Debiendoi-— < — x + — — -—-^-<0;Vxe(0;l 


2x 2 +(l —x) 


2x 2 + 1 -x 


Meo : Ta nhd rang do co diem roi tai x — — , do vay neu- l + x — < —x + — 

3 ‘ 2x 2 +(l-x) 2 2 

xay ra thi chac chan se co x — la nghiem kep, hay co nhan tu chung la 

(3x — l) 2 do vay ta thuc hien hai viec sau 

1. Chuyen ve va quy dong bieu thuc can chung minh 
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1 Chink phuc BDT trong ky thi Quoc Gia 


Nguyen Tien Chinh 1 

1 + x 3 3 2 (l + x) 3 

--<-X + -4»- 

2* 2 + (l-*) 2 ' 

<0 


Nhap 


= —101 = —100 — 1 = — (x +1) 


2. Thuc hien phep chia da thuc cho da thuc bang Casio nhu sau 
2(l + *)-3[2 * 2 + (l -*) 2 
(3x-l ) 2 

Vay 2 (l + x) - 3 [2x 2 + (l- xf ] = - (x + 1) (3x - if < 0; Vx e (0; l) 
Viec bien doi va chung minh hoan tat. 


Cho cac so thuc a,b,c duong va a+b+c = 1 . Hay tim gia tri 


Lon nhat cua bieu thuc P = 


q(l-a) | b(l-b) t c(l-c) 


a 2 + [l-af b 2 + (l-bf c 2 +(l-c) 2 


Phan tich va dinh huong giai. 

o Bai toan da co dang /(«) + / ( b ) + / (c) ( cac bien hoan toan doc lap ) 
o Vai tro giua cac bien la nhu nhau, do do ta de dang du doan diem roi la 


a=b=c=— 

3 


o Bai toan yeu cau tim gia tri Ion nhat nghia la danh gia P < M = ? 

^ ^ x(l—x) 

Ket noi nhung dieu tren cho ta y tubng danh gia bdt phu--- — 


Cong viec con lai la tim m,n . Voi viec danh gia diem roi nhu tren, de tim m,n ta 
[l 2 


dung he sau 


f\l\ = m -l + n f -m+n = - \m = — 

l 3 J 3 3 25 

J l) 27 1 

; 3 [25 l 25 


Vay ta se chung minh bat dang thuc phu sau 

x(l-x) 27 1 (3x —if (—6x —l) . . 

x 2 + (l-xf 23 25 x 2 + (l-xf V ^ 

Bat dang thuc luon dung voi x e (0;l) , dau bang xay ra khi x = , vay ta co lbi 

giai sau. 
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Chink phuc BBT trong ky thi Quoc Gia 


Nguyen Tien Chinli 


all—a) 27 1 -ll + 6a)(3a-i) , w , 

2 ,, 2 , 2 ; <0;V n g(0;l)(l)daubangx 

a +[1-a) 2 z 25 a +[1-a) 

1 


all-a) 27 1 -ll+6b)(3b—i) Z . , , , 

- -— b-\ -— -—-z— — < 0; VI? e (0;l)(l)daubang xay r 

b 2 + (l-bf~^ 25 b 2 + (l-b) 2 ~ K )U 


<$b = - 
3 


cll-c) 27 1 — (l + 6c)(3c —l) , „ x 

2 , ,2 <ZZC + — » A 1 < 0;Vc6 (0;l)(3) daubang xay ra 

c 2 + (l-c) 25 25 c 2 + (l-c) 


^=1 

3 

Cong ve voi ve cua (l),(2),(3) taco 
P = .(!-.) Hl-i) cll-c) V, +t + c) + ±= 6 

fl 2 +(l —fl) fc 2 +(l —fc) c 2 +(l — c) ^5 ^5 ^ 

Vay maxP = — oa = b = c = — . 

' y 5 3 


Cho cac so thuc a.b.c du'on? va a 3 4- h 3 4- c 3 = 3 . 

Hay chung minh rang 4 

fl 1 l] 

[a b cj 

+ 5(a 2 +& 2 +c 2 )>27 . 


Phan tich va dinh huong giai 

o Truoc het ta viet lai bieu there can chung minh nhu sau 

(— + 5a 2 ) + (— + 5& 2 ) + (— + 5c 2 ) > 27 

[a ) [b J (c J 

Toi day ta co cac phan tich chi tiet sau. 

o Bai toan da co dang / (a) + / (b) + f (c) ( cac bien hoan toan doc lap ) 
o Vai tro giua cac bien la nhu nhau, do do ta de dang du doan diem roi la 
a=fr=C=1 

o Bai toan yeu cau chung minh P > 27 

Ket noi nhung dieu tren cho ta y tudng danh gia bdt phu 

— + 5x 2 > mx 3 +n;Vx e ^0;>/3 j 

Cong viec con lai la tim m,n. Voi viec danh gia diem roi nhu tren, de tim m,n ta 

|/(l)=m.l 3 +n \m + n = 9 fm = 2 

dung he sau y , _ <^j 

l/'l) = 3m.l 2 [m = 2 n = 7 
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| Chinh phuc BBT trong ky thi Quoc Gia Nguyen Tien Chinh 


Vay ta tien hanh danh gia 

^- + 5x 2 >2x 3 +7;\/xe{0-M ] )^- -- '-> 0;Vx e (O;^*) 

Chu y: Ket qua tren duqc tim thay nhu sau 

c i u- u ~ "x- a — 2x 4 + 5x 3 — 7x + 4 / \ 

Sau khi chuyen ve ta duoc- * 

- Nhap + (*) yao may tlnh Casio Fx - 570 es, 

t*- 1 ) 

CALC: x = 100 thi duqc ket qua 
-19896 = -20000 +100 + 4 = -2x 2 + x + 4 

- Vay -2x 4 +5x 3 -7x + 4 = (x-l) 2 (-2x 2 +x + 4) 

Bat dang thuc nay luon dung vi —2x 2 + x + 4>0;Vx<a/3 
Do vay ta co cac ket qua sau 

~+ 5a 2 > 2a 3 + 7; Va e (0; ^3) (l) 

| ■+ 5b 2 > 2b 3 + 7; Vb e (0; ^3) (2) 

- + 5c 2 > 2c 3 + 7; Vc e (0; ^3) (3) 

Cong ve voi ve cua (l),(2),(3) taco 4|- + ^- + -| + 5 ^ 2 +b 2 +c 2 j > 27 ( dpcm) 
Dau bang xay ra khi a = b — c = 1 . 


Cho cac so thuc a,b,c duong va ab + bc + ac = 2016 abc .Hay tim 
gia tri nho nhat cua bieu thuc 

1 1 1 


P = - 


a( 2016a—l) 2 b (2016b-if c (2016c-if 


Phan tich va dinh huong giai 

o Bai toan da co dang /(«) + / (b) + f (c) ( cac bien hoan toan doc lap ) 
o Vai tro giua cac bien la nhu nhau, do do ta de dang du doan diem roi la 
a=b=c=k =? 

o Van de dat ra la ta chua bie't diem roi cua bai toan, do vay ta can xu ly dieu 
kien de tim diem roi, muon vay ta viet lai dieu kien nhu sau 

ab + be + ac = 2016abc -+-+-= 2016 

abc 

o Tu dieu kien mdi, ta co y tubng se dat an phu nhu sau: 
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Chink phuc BBT trong ky thi Quoc Gia 


Nguyen Tien Chink 


Dat x = -;y = — ;z = - , tu day ta c 6 bai toan moi 
a b c 

Cho x,y,z la cac so thuc duong va thoa man x + y+ z = 2016 . Hay tim gia tri 

x 3 y 3 z 3 

nho nhat cua bieu thuc P =- - -\ ---- - 

(2016-x) (2016 -y) (2016-z) 

o Du doan diem roi x = y = z = 672 

o Bai toan yeu cau tim gia tri nho nhat, co nghia la danh gia P > M = ? 
o Bai toan da co dang / (x) + / (y) + / (z) ( cac bien hoan toan doc lap ) cho ta y 


tudng danh gia - 


->ma + n . 


(2016 

) Tim m,n bang each xet hpt quen thuoc sau 
/ (672) = 672m + n [l68 = 672m + n 


/'(672) = w 
o Xet BDT phu 


(2016 -a 


^m = l;n = —504 

a 3 -(a- 504)(2016 -of 
(2016 -of 


>0;Vag(0;2016) 


a 3 -(a -504)(2016 -a) 2 

De phan tich tu so, ta nhap vao may tinh---—— -— ( do du doan 

(x —672) 

„3 

x = 672 la nghiem kep cua pt 


(2016 -a 


Tiep tuc nhan CALC: x = 100 cho ket qua la 4536 = 45x + 36 

a 3 — fa —504) (2016 —a) 2 f a — 672) 2 f 45a + 36) 

Vay-^= 4-CT-- 1 > 0; Vfl e (0; 2016), dau " = " 

(2016 —fl) 2 (2016 —a) 2 1 ^ 

xay ra khi va chi khi a — 672 ; Tu day co loi giai 

Y 3 

---— > x - 504; Vx e (0; 2016) (l) 

(2016 —xf 1 A ^ 


(2016-y) 


>y-504;Vye(0;2016)(2) 

->z-504;Vze(0;2016)(3) 


(2016 -z) 

Congvevdive (l),(2),(3) ta dupe 

n y 3 2 

p —_I_^_I_ 


(2016-x) (2016-y) (2016-z) 
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| Chinh phuc BBT trong ky thi Quoc Gia Nguyen Tien Chinh 


Vay gia tri nho nhat cua P: MinP — 504 dau " = " xay ra khi x = y = z = 672 . 
Nhan xet 

Tu bai toan tren cho ta kinh nghiem trong viec xu ly dieu kien ban dau de tim 
diem roi, tu do thiet lap cac moi quan he de ket noi voi phuong phap. 


Cho cac so thuc a,b,c la 3 canh cua mot tarn giac, co chu vi 
bang 1. Hay tim gia tri Ion nhat cua bieu thuc 

ab + bc + ac) 


P = 4 


f 1 

1 

1 j 

• r + 

[a + b 

b + c 

a + cj 


abc 


Phan tich va dinh hudng giai 
o a,b,c la 3 canh cua tarn giac co chu vi bang 
a+b=l-c 

a,b r c>0-,a + b + c = lo - b + c = l-a 
c+a=l-b 

o Bai toan chua co dang f(a) + f{b) + f{c'j, do do ta can viet lai bieu thuc ve 
dang nhu sau 


P = 4 


1 1 

1 

+ j_l 

{a + b 

b + c 

a + c) 


111 


1 


- -+J+- =(--) + h—r-7 + h- 


1 -b b 


11—c cl 


o Toi day ta du doan a = b = c = — va danh gia BDT phu 


x 4 1 

f(x) = - <mx + n 

v ’ l-x x 


oTim m;n banghpt 


rfll 

m 

^1 3 J 

-~ + x 

f[~ 3 

= m 


3 3 +n ^ m = 18;n = -3 


4 1 (3x-i) 2 (2x-l) , \ , \ 

Ta chung minh-<18x-34^ - ! v , - - < 0 ; Mx e (0; l) 

1 — x x x(^l —xj 

o Mot van de luc nay la chua luon dung tren (0; l) , dieu nay khien ta suy 
nghi toi viec phai danh gia dieu kien chat hon nua, khong mat di tinh tong quat 
ta gia su a = max\a,b,c } =4> l — a + b + c>2a^a <. Vay luc do x e=> (*) 


luon dung. 

Ta co lbi giai 

Tu gia thiet a + b + c = 1 
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Chink phuc BBT trong ky thi Quoc Gia 


khong mat di tinh tong quat ta gia su 

a = max\a,b,c\=>l = a + b + c>2a=>a< — => a,b,ce\o} — \ 

L J 2 { 2 ) 

4 1 (3a—if (2a —l) . , ( \ 

Taco: —- -<18a-3&± --^<0 * ;Vae 0;- 

1 -a a~ ah.-a) ~ v; 2 


Nguyen Tien Chink 


(i- 
i) 2 i 

b(i-b) 


4 i (3b-l) (2b-l) , » f li 

— -<18b — 3<+- -- UoW;VkO;- 

l-b b~ h(i -h\ - \ r I 9 1 

4 1 (3c —l) 2 (2c —l) . , . . 

— --<18c-34^--^<0 * ;Vce 0;l) 

1 — c c c(l-c) - V ' { 1 


Cong ve thu duoc 

p=tA- i ) 


f 4 l] 


( 4 l] 

(l^b~bj 


1 

O 


<18(a + b + c)-9 = 9 


Vay MaxP — 9 ++ a = b = c = — . 


Cho cac so thuc a,b,c duong va a 2 +b 2 -3{a + b) + 4 = 0(*) . Hay tim 


>[ a+l 6 + 1 | 

a + b 

(a 2 + 2a b 2 +2b) 

J(a + b) 2 + 9 


Phan tich va dinh hudng giai 

o Cac bien a,b doi xung, ta du doan a — b — k = l , tuy nhien chua du doan dupe 
diem roi vi d dieu kien con chua thuan lqi cho viec du doan, dieu nay lam ta co y 
tudng danh gia dieu kien trudc . Ta co nhan xet 


a 2 +b 2 <- 


a + bf 


• (a + b) — 6(a + b) + 8 <0 ++ 2 < a -T b < 4 


\a = b — 1 ^ 

) Do nhan dinh a — b — k — 7 nen co hai kha nang b 2 ' * n ‘ fC ^ e P tung 


trudng hop ta thay MinP =- <+a = b = 2 

5 

o Mat khac trong bieu thuc P co viong nhau ve loai ham nhung 

a 2 +2a b 2 +2b 

lai khac biet vdi bieu thuc con lai, do do ta co y tudng don bien ve a + b d bieu 
thuc thu 3. 

o Hai bieu thuc co dang f(a) + f (b) nen ta danh gia bdt phu 

a 2 + 2a b 2 + 2b 


sau 
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Chink phuc BBT trong ky thi Quoc Gia 


f(x) = > mx + nvoi xe(0;4) . 

W x 2 +2x V ’ 


Nguyen Tien Chink 


o De tim m;n ta xet he sau 


f(2) = 2m + x 
f'(2) = m 


- = 2m + n 


Tiep theo, ta se chung minh 


f + 1 >-—x + — ^ ( x 2 ) ( 5 * + 8 ) > o v6i x e ( 0;4 \ d £ u x4y ra khi 
x 2 +2x~ 32 16 32 (x 2 + 2x) ~ [ ’ * 


Tu day ta co 


a +1 > 5 11 

a 2 + 2a 32 6 0 + 1 & + 1 5/ 11 

=4> —-1—-->- (a + b)-\ -, dau 

b +1 + a 2 +2a b 2 +2b 32 l j 8 


[b 2 +2b~ 32 16 

bang xay ra khi a = b = 2 
a +1 b + 1 

[a z +2fl b 2 +2b 


Vay P = 32 - 


fl + fc . . . r-/ t,\ fl + fc 

> 44-5(a + bJ4 


yli a + b f- 


yl(a + bf + 9 
o Dat f = a + b =>- f € [2; 4] ta co: 

g(t) = 44-5t.f^ * .=»g’(f) = -5 V- 9 « :Q;Vte[2;4] 


Vf 2 +9 


^ 2 +9 


124 124 

Vay g (f) nghich bien tren [2;4] => g (f) > g (4) = —=> Ming(t'j = —— , dau " = " 


xay ra khi a — b — 2 . 

Nhan xet: 

Qua bai toan nay ta co them dieu gi? 

1. Kinh nghiem xu ly dieu kien de tim ra diem roi 

2. Bai toan khong dung hoan toan theo phuong phap he so bat dinh, ma chi 
la cong cu de huong bai toan ve phuong phap don bien ket hop ham so. 


Cho a, b, c la sothuc duang thoa man a + b+c = 3 . 
Chung minh rang abc 


\la 2 +8 be \lb 2 + 8ac \lc 2 4 


Phan tich va dinh huong giai 

o Bai toan chua co dang /(«) + / (b) + f (c) , do do viec can lam la danh gia cac 
tich bc,ac,ab ve cac tong [b + c'j ,{a + c'j ,{a + b'j roi dua vao dieu kien bai toan tien 
hanh doc lap cac bien so, cu the ta co: 






























Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 



o Ngoai ra cac bien a,b,c doi xung ta khong kho de du doan a = b = c = 1 

Ta co loi giai 

Ap dung bat dang thuc Cosi ta co: 

+ b + c 

Va 2 +8bc Vb 2 +8ac Vc 2 + 8ab 

b c 


VT = 


Va 2 +2(b + c) 2 ^b 2 +2(a + cf ^c 2 + 2(a + b) 2 


Va 2 +2(3-a) 2 ^b 2 +2(3-bf ^c 2 +2(3-c 


= f(a) + f(b) + f(c) 


Ta se tim m,n de 


•y/a 2 +2(3-a) 2 


> ma + n ; m, n la nghiem cua he 


f(l) = m + 
(«D)' = n 


1 

n = — 
l 4 


Nhu vay ta se chung minh - 


Ja 2 + 2(3-a) : 

Neu 0 < a < — thi hien nhien dung 


rk-a--, Vae(0;3). That vay: 


• Neu -<a<3 thi f >-a--wi .- 

4 Va z +2(3-a) 2 9 9 Wa 2 +2(3-a) 2 

o {a -1) 2 (8a 2 -20a + 3 j < 0 (Dung Va,i<a<3) 




^ a d 

buyra: . + . =+ . - — -r-^— -r—^ 

Va 2 + 8bc Vb 2 + 8ac Vc 2 + 8ab 999 9 9 ' 

* Nhan xet 

T rong bai mau 07, ban doc dugc trdi nghiem them su da dang cua phuong phdp, khi ta 
co them cac dong tdc ddnh gia phu ngay tie dau nhdm dm bai toan trb ve dung dan ma 
ta mong muon, detim hieu them Man de nay, mbi ban doc tiep tuc theo doi bai mau 08. 


cua bieu thuc P = 


Cho cac so thuc x,y,z duong va x+y + z-- 1 . Hay tim gia tri nho nhat 

■_ y 2 3 (*+y ) 2 


(y+zf + 5yz [x + z'f+ 5xz 4 
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Chinh phuc BDT trong ky thi Quoc Gia 


Nguyen Tien Chinh 


Phan tich va dinh hubng giai 

o Quan sat so bo bai toan, ta co cac nhan dinh sau day 

1. Hai bieu thuc dau tien trong P co ve be ngoai giong nhau va khac bieu 
thuc thu 1 3, do do ta nhan dinh bai toan se duoc don bien ve x + y b bieu 
thuc thu 3. 

2. Do x,y,z duong nen va x-\-y+z = 1 de dang nhan dinh x = y = z = -^ 

3. De co the su dung phuong phap danh gia tung bien theo he so bat dinh ta 
can chuyen bai toan ve dang /(x) + /(y) + /(z) , muon vay ta danh gia 

-(y +z T 


yz<- 


x + z 

-;xz< - - — ket hop 


y+z=l-x 
[z + x = l-y 


ta co danh gia cho bdt 


(y + zf+Syz (y + 2 ) 2 + 5 fy+z| 


x + z +5xz 


(x + z) +5 


x + z 
2 


4x 2 

= 9(1 -xf 

jyl 

9(i -vf 


oVbi y do su dung phuong phap he so bat dinh, ta da thanh cong bubc dau tien 
la doc lap cac bien voi nhau, viec can lam tiep theo la danh gia de dua bai toan ve 
bien x + y . 


Ta xet bdt sau / (a) = 


4 a 1 


9(1- 


- > ma + n; \/a <G (0;l) , de tim hai so thuc m,n ta xet 


hpt 


rfll 

1 

■^ 1 3 J 

= — m + n 

3 


= m 


11 

-=-m+n . 2 

9 3 44m = l;n = — 

m = 1 


Vay ta chung minh 

, , 4 a 2 2 , N (3a-lf(7-a) , , x 

f(a) = -- > a ; Va e (0; l) 1 > 0; Va e (0; l) dau bang xay ra 

9 fl—a) 9 (l -a) 


khi a — ( BDT luon dung khi a e (0;l) 
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Chink phuc BDT trong ky thi Quoc Gia 


Vay ta c6 loi giai sau 


Nguyen Tien Chink 


> Ta co 


(y + z) +5yz ( y + z ) 2 +5 fF+*| »(!-*) 

y 2 a y 2 4y ; 


(*+z) + 5*z , +z) 2 + 5 |* + zr 


9 (i-y) 


Dau bang xay ra khi x = y = z 
4x 2 ^ 2 


z , . (3x-l) (7-x) , , „ 

2 >x ;Vxe(0;l)44>-- — y — -> 0;Vx e (0; l) dau"=" xay ra khi 

9(1-*) 9 (l-*) 


1 

x = — 

3 

9 (!-y)‘ 

i 


>y--;Vye(0;l)«. 


(3y-if(7-y) ^ A . 


(i-y) 


> 0; Vy e (0;l) dau "=" xay ra khi 


Vay luc do ta co 

P = - 


3(x + yf 


[y+zf+ 5yz [x+z'f + 5xz 
4 y 2 3(x + yf 


4x 2 


2) 3 (x + yf 




4 3(x + y) 


9(1-*) 9(l-y) 

o Vdi x + y = 1 — z; Vz e (0; l) , phan viec con lai la khao sat ham so g (z) tren 
khoang (0; l) , cong viec kha de nay xin danh cho ban doc. 

* Nhan xet. 

Vdi mot bai toan ma co the dua ve dang f(a) + f (b) + / (c) > m (< rnj thi qua 
nhung bai tap mau tren co le ban doc da quen thuoc va gat bo dupe noi so hai 
khi gap nhung bai toan kieu nay. Cau hoi dat ra ngay luc nay, do la vdi nhung 
bai toan co dang /(fl,b) + /(b,c) + /(a,c) > m[< rnj thi lieu phuong phap tren con 
phat huy dupe sue manh cua no nua hay khong ??? Cau tra loi cua chung toi la " 
Co ", ban doc tiep tuc theo doi cac bai mau sau day. 


Cho cac so thuc x,y,z duong va x+y + z = 3 . Hay tim gia tri nhd 

nhat cua bieu thuc P = 25x* + 25 ^'| + z (^ + 3 ) 

glx 2 +I6xy + 7y 2 gly 2 + I6yz + 7z 2 x 


Phan tich va dinh hudng giai 
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Chink phuc BDT trong ky thi Qitoc Gia 


> Dua vao cac bieu thuc - 


25 y 


■y/2x 2 + 16 xy + 7y 2 yjly 2 + 16 yz + 7z‘ 

roi cua bai toan la x = y = z = 1 ( do co su doi xung va x,y,z duong ). 

o V6i nhurig bieu thuc kieu - 


Nguyen Tien Chinh 


cho ta du doan diem 


25y 2 


=■ ta se co hai each xu 


y/lx 2 +16 xy + 7y 2 ^2y 2 + 16yz+7z 2 

ly de tim ra bdt phu 

• Cach 1 : Su dung may tinh cam tay Casio fx - 570es nhu sau: 

Do yeu c'au tim gia tri nho nhat cua P nen ta se danh gia de tim ra bdt phu nhu 


sau, gia su 


V2fl 2 +16ab + 7b 2 


>ma + n;Va,be( 0;3); ta coi 


= 8;n = —300 = —3b(do...b = 100) . 


b = 100 =>■ f(a)= . Zba 

y2a z +1600a + 7.100 2 

Luc nay an con lai se la a va do ta du doan a — b nen ta se coi nhu diem roi la 
a — b — 100 ( chi la diem roi tarn thbi, chua dung den a — b = c = 1 nhe ). 

Vaytaxet /(/?)=■=■ —- _ 25fl — 

V2« 2 + 1600a + 7100 2 

De tim m;n ta xet he phuong trinhsau. 

/(I00) = 100m + n 
/'(l00) = m 
Vay ta chung minh 

—========== > 8fl - 3fo; V«,b e (0; 3) (*) 

V2 a 2 +16 ab + 7b 2 

+ Neu 8a - 3b < 0 (*) luon dung. 

+ Neu 8a - 3b > 0 ^ (*): (25a 2 f - (8a - 3 bf (la 2 + 7b 2 + 16 ab) >0(**) 

De phan tich (**) ta chu y rang do a = b =>(**) se co nghiem kep la a = b hay 
(a — b'j 2 la nhan tu chimg, vay ta nhap vao may tinh casio fx 570es bieu thuc 


(25a 2 ) 2 - (8a - 3 bf (la 2 + 7b 2 +16«&) 
(a-bf 

= 4970065,994 


C+LC:a=100;b=— 

-thu dupe kq 


Ta phan tich 

4970065,994 = 497.00.66-— = 4970000 + 66-— = 497a 2 + 66 ab - 63 b 2 

10000 10000 

Ban dang thac mac, tai sao ko de nguyen la 66 ma lai la 66 ab 
Tra lbi 
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Chink phuc BDT trong ky thi Quoc Gia 


Nguyen Tien Chink 


, a (25 a 2 ) -(8a-3bf (la 2 +7b 2 +I6ab) 

o O bieu thuc -- - --- khong co hang tu tu do, 

(»-*’) 

tat ca deu co chua bien a,b do do khi phan tich se ko the co hang tu tu do, hon 

nua ta cho a — 100; & = —— =^a.b = 1=^66 = 66.1 = 66 ab (ban nhd dieu nay nhe ). 

100 y 

Vay luc nay 

(l5a 2 ) 2 - (8« - 3 bf (la 2 + 7b 2 + 16a&) = (a- bf (49 7a 2 + 66 ab - 63 b 2 ) > 0 (* *) 

Do 497a 2 +66ab-63b z = (71a-llb)(7a + 3b)>0)(do..8a-3b>0)vay (**) luon 
dung, dau " = " xay ra khi a — b. 

• Cach 2: Khong su dung may tinh casio 

. ^ a >mg+nfr;Vg,fre(0;3)<£» —= ^ ^=>m+n \-j 

g2a 2 +l6ab+7b 2 (rf (y) 


Xet / - = 


hpt 

f(l) = m + t 
/'(!) = '" 


25 


+ 16 - +2 


r , do ta du doan a — b = 


= 1 , de tim m,n ta xet 


+> m = 8; n = — 3 , vay ta se chung 


= >8fl-3fe;Va,be(0;3) 


^2a 2 +16 ab + 7b 2 

Thuc hien giong each 1. Den day ta co ldi giai 


r > 8x - 3y; Vx,y e (0;3)(l) 

y2x +16xy+7y z 

+ Neu 8x - 3y < 0 =>- (l) Luon dung 

+ Neu 8x —3y >0=> (l)<^(x-y) z (71x-21y)(7x+3y)>0 luon dung vdi 8x — 3y>0 
Dau bang xay ra khi x = y 
Chung minh tuong tu ta co 


25y 2 


= > 8y - 3z; Vy,z e (0; 3) ( 2 ) dau " = " xay ra khi y = z 


^2y 2 +16yz + 7y 2 

Luc do 

/ \ / % z 2 (3 + x) , x 3z 2 9 

P > 8 \ x H- yj — 3(y+ z)h-= 3x -\-S\x -\-y — 8z H-1- z 
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| Chinh phuc BDT trong ky thi Quoc Gia Nguyen Tien Chinh 


I Z 2 

xH-+ z 2 — 8z +15 > z 2 — 2z +15 = (z — l) +14 > 14 , dau " = " xay ra 

khi z = 1 , vay MinP = 14<t4x = y = z = l . 

* Nhan xet. 

Qua vi du tren, ban doc thay duac su da dang cita phuang phdp, khong nhat thiet phdi 
don dupe bdi toan ve dang /(a) + /(&) + /(c) ,b vi du vita roi thay rang neu ta dm 
duac bdi toan ve dang f(a;b'j + f(b;c'j + f (c;a) thi bdi toan van co the giai quyet theo 


phuong phdp sir dung he sobat dinh, ta ciing xet them ede vi du tiep theo dehieu ky han 
ve bdi toan kie’u nay nhe. 


| Cho cac so thuc x,y,z duong va x+y+z= 1 . Hay tim gia tri nho nhat 


cua bieu thuc P = 


^2x 2 +xy + y 2 ^2 y 2 +yz+z 2 yj2z 2 + xz + x 2 


Phan tich va dinh huong giai 

o Kieu dang cua bai toan kha giong vdi bai mau 09, do vay ta se khong ban 
nhieu ve cac buoc phan tich nua, ta se di tim bdt phu sau 

. x - > mx + ny; Vx; y e (0; l) thuc hien tuong tu mot trong hai each cua bai 

V 2 x 2 +xy + y 2 


x 11 3 

toan tren ta de dang tim duac ra = —; n =-, 

6 ’ 16 16 

x 2 11 3y u /„ 16x 2 

^— x- — ;Vx;yg 0;1 fr , 

16 16 ^2x z +xy + y 2 


■sj2x 2 + xy + y : 

+ Neu llx - 3y < 0 (l) luon dung 


vay ta se chung minh 
> llx —3y(l) 


+ Neu llx - 3y > 0; (l) 4^ (x - yf (x + 3y) (l4x - 3y) > 0 luon dung voi 
llx —3y >0 

Dau " = " xay ra khi x = y , do co tinh doi xung ta co ngay 

y 2 11 3 z 2 11 3 

, - > — y-z; . >—z-x 

yjly 2 +yz + z z 16 16 \llz 2 +xz + x 2 16 16 

VSy P>^(x+ y + z)-2-(x+y + z) = 2 

Vay MinP = -^-44x = y = z . 

KY THU AT CHUNG MINH BDT - TIM GlA TRI LON NHAT - NHO NHAT 
BANG PHUONG PHAP TIEP TUYEN 

1. Phuong phap giai 


• Co so cua phuong phap giai la dua vao dinh ly sau 






















Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


| Chinh phuc BDT trong ky thi Quoc Gia Nguyen Tien Chinh 


Dinh li: (Bat dang thuc tiep tuyeh) 

Cho ham so y = f(x) lien tuc va co dao ham den cap hai tren [a;b] . 

i) Neil f"(x) >0 Vxe[a;b] thi f(x) >f'(x 0 )(x-x 0 ) + f(x 0 ) Vx 0 e[a;b] 

ii) Neil f"(x) <0 Vxe[a;b] thi f(x) <f'(x 0 )(x-x 0 ) + f(x 0 ) Vx Q e[a;b] 

Dang thiic trong hai Bat dang thuc tren xay ra <=> x = x 0 . 

Ta co the chieng minh dinh li tren nhu sau 

i) Xet ham so g(x) = f(x)-f'(x 0 )(x-x 0 )-f(x 0 ), xe[a;b] 

Taco; g'(x) = f(x)-f'(x 0 )=>g"(x) = f"(x)>0 Vxe[a;b] 

Suy ra phuong trinh g'(x) = 0 co nghiem duy nhat x = x 0 va g'(x) doi dau tir (-) 
sang (+) khi x qua x 0 nen ta co : g(x) >g(x 0 ) =0 Vxe[a;b]. 

ii) Chung minh tuong tu. 

C hu y: Phuong trinh f '(x 0 )(x-x 0 )+f(x 0 ) la phuong trinh tiep tuyen cua do thi 
ham so y = f(x) tai diem M(x 0 ;f(x 0 )). 

• Cac buac de chung minh 

Buac 1: Duabat dang thuc ve dang f(a 1 )+f(a 2 ) + ... + f(a n )>k (hoac 

f(a 1 ) + f(a 2 ) +... + f(a n ) < k), trong do a } g D (i = l,..,n) la cac so thuc cho truoc. 

Buac 2: Ta di chiing minh f(x) >f(x 0 )(x-x 0 ) + f(x 0 ), VxeD(v6i a 1 =a 2 = ... = a n =x 0 
thi dang thuc xay ra) bang each. Xet ham so g(x) = f(x)-f'(x 0 )(x-x 0 )-f(x 0 ) 

Khi do neii g"(x) >0 thi f '(x) = 0 co nghiem duy nhat x = x 0 

Khi do g'(x) doi dau tir (-) sang (+) khi x qua x 0 nen ta co : 
g( x )^g( x o) = 0 VxeD. 

Buac 3: L'an lupt thay x boi a 1/ a 2 ,... / a n roi cong lai ta suy ra dpem. 

2. Cac VI du minh hoa 



Ldi giai. 

Xet ham so f(x) = lnx-x + l tren (0;+oo) 
Taco f 1 (x) =——1, f'(x) = 0o--l = 0ox = l 
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| Chinh phuc BBT trong ky thi Quoc Gia Nguyen Tien Chinh 


Bang bien thien 


X 

0 1 +00 

f’(x) 

+ 0 

f(x) 

0 


Suyra lnx-x + l<0,Vxe(0;+oo) 

Taco lnx<x-l <=>ylnx<xy-y 
Tuong ter ta co zlny < yz - z, xlnz < xz-x 

Cong ve vdi ve ta duoc : ylnx + zlny + xlnz<xy + yz + zx-(x + y + z) 

A , , (x + y + z) 2 

Mat khac ta co xy + yz + zx < —— 

(x + y + z) 2 . . 

Do do Q<---—-—(x + y + z) = 0. 


Vay maxQ = 0<^>x = y = z = l. 

Ban se thac mac 

Tai sao chung ta lai co diroc ham so f(x) = lnx-x + l tren (0;+oo) ? 

Cau tra loi . 

o Trade tien du doan diem roi, do x,y,z co vai tro doi xung nen du doan 
x=y=z=1 

o Xet ham so y (x) = lnx; Vx e (0;3) ta se lap pherong trinh tiep tuyen cua ham so 
tren tai diem co hoanh do x 0 = 1, phuong trinh co dang 
y = y'(l)(x-l) + y(l) = x-l 

o Lai do Bai yeu cau tim gia tri ldn nhat nen co y tudng danh gia Q<M = ? , do 
vay ta se di chung minh f(x) = lnx-x + l<0,Vxe(0;3) / do do ta co ldi giai nhu 


tren. 

Tdi day chac ban da hinh dung ra phuong thuc de giai quyet bai toan bang 
phuong phap tiep tuyen roi chu ? Va khong kho de nhan ra rang co nhieu net 
tuong dong giua phuong phap nay va phuong phap DANH GlA MOT BIEN 
BANG PHUONG PHAP HE SO BAT DINH, chi khac d chd ta tim ra bat dang 
thuc phu bang each thiet lap phuong trinh tiep tuyen tai diem roi da du doan, 
Mdi ban doc tiep tuc trai nghiem cac vi du tiep theo de hieu ro hon ve phuong 
phap cung nhu thong diep ma tac gia muon gui gam nhe . 


| Cho cac so'thuc duong a,b,c thoa man a + b + c = 3 . Tim gid tri nhd nhat cua 
P = (a 2 + 3)(b 2 + 3)(c 2 + 3) 
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Chinh phuc BDT trong ky thi Quoc Gia 


Nguyen Tien Chinh 


Huang dan va dinh huong giai 

o Trudc het ta de dang nhan ra diem roi cua bai toan a — b — c = 1 
o Bieu thuc P la tlch cua cac hang tu, do vay muon doc lap cac bien ta co y 
tudng loga hoa P , cu the ta co In P = In (a 2 + 3 j + In (^b 2 + 3 j + In [c 1 + 3 j , tdi day 
moi viec con lai chi la di xac dinh phuong trinh tiep tuyen cua ham so 
/ (x) = In [x 2 + 1 j tai x = 1, pt co dang 

J/ = /'(l)(x-l) + /(l) = i(x- 1 ) + lr. 4 

o Lai do yeu cau cua bai tim gia tri nho nhat cua P , nen ta co y tudng danh gia 
P > M = ? , vay ta chung minh 

In + 1) > ^ (x -1) + In 4 In [x 1 +1 j — ^ (jc — l) — In 4 > 0; Vx (0; 3) 

Taco f'(x) = ^— f'(x) = 0o —^ L —^ = 0<»x = l(vi x>0 ) 

Dethayqua x = l, f'(x) doidautu (-) sang (+) nen f(x)>f(l) = 0 
Suy ra ln^x 2 +3j>i(x-l) + ln4, Vxe (0;+oo) 

Thay Tan lupt x bdi a,b,c roi cong cac BDT lai ta dupe 
ln(a 2 +3) + ln(b 2 +3) + ln(c 2 + 3)>i(a + b + c-3) + 31n4 

Hay InP > 31n4 P > 4 3 = 64 
Vay minP = 64<=>a = b = c = l. 


Cho cac so thuc a,b,c duong va a+b+c = l . Hay tim gia tri 

a(l-a) | b(l-b) | c(l-c) 


Lon nhat cua bieu thuc P 


y{l-bf c 2 +(l-c) 2 


Phan tich va dinh huong giai. 

o Bai toan da co dang f (a) + f (b) + f (c) ( cac bien hoan toan doc lap ) 


o Vai tro giua cac bien la nhu nhau, do do ta de dang du doan diem roi la 


a = b = c 


1 

3 


o Bai toan yeu cau tim gia tri ldn nhat nghia la danh gia P < M = ? 
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Chink phuc BBT trong ky thi Quoc Gia 


Nguyen Tien Chinh 


x (l — x) 

Ta thie't lap phuong trinh tie'p tuyen cua ham so f (x) =---tai diem r 


1 

x = — , 
3 


1 J1 27 1 2 27 


phuong trinh = + + 

Vay ta se chung minh bat dang thuc phu sau 

x(l-x) 27 1 (3x-lf(-6x-l) 

-*- ) —<—x + — ^± -^--—-<0;Vxe (0;l), 

x 2 + (l_ x ) 2 25 25 x 2 + (i_ x ^j z v ' 

Bat dang thuc luon dung vdi x e (0;l) , dau bang xay ra khi x = , vay ta co ldi 

giai sau. 

^ _ __ , r_\(r,_ i \ 2 

< 0;Vfl e (0; l) (l) dau bang xay ra 


a(l-a) 


« 2 +(i-«) 2 

“ 25 

1 

<£>a — — 

3 


fl(l —a) 

<^i 
“ 25 

b 2 + (l-bf 

3 


c(i-c) 

<*< 

“25 

c 2 + (l-c) 2 


« 2 + (l-«) 

-(l + 6&)(3&-l) : 
b 2 + (l-bf 


< 0; Vb e (0; l) (l) dau bang xay ra 


* b = I 

3 


2 + (l- 


- < 0; Vc e (0; l) (3) dau bang xay ra 


Cong ve vdi ve cua fl),(2),(3) taco 


c(l-c) 27/ , n 3 6 

<—(a + b+c)-\ -= - 

“25 v ' 25 5 


r _ “i 1 -*) , H 1 -*) _ 

a 2 +(l-af b 2 + (l-bf c 2 + (l-c 

Vay maxP — — <^a — b — c = — . 

' y 5 3 

Ban thay gi d vi du nay? 

Ro rang vi du nay da dupe chung toi de cap trong phuong phap he so bat dinh, 
va gid day chung toi giai quye't bai toan theo phuong phap tie'p tuyen, va ta nhan 
dinh them mot Ian nua chung khac biet bdi phuong phap tim ra bat dang thuc 
phu ma thoi 


Cho cac so' thuc x,y,z duong va x+y + z = 3 . Hay tim gia tri nhd 

25x 2 , 25y 2 z 2 (* + 3) 


nhat cua bieu thuc P = 


^2x 2 +16 xy+7y 2 Jly 2 + I6yz+7 z 2 
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Chinh phuc BDT trong ky thi Quoc Gia 


Nguyen Tien Chinh 


Phan tich va dinh huong giai 
o Dua vao cac bieu thuc - 


25 y 2 


cho ta du doan diem 


■y/2x 2 +16 xy + 7y 2 yjly 2 + 16 yz + 7z‘ 
roi cua bai toan la x = y = z = 1 ( do co su doi xung va x,y,z dnong ). 

25x 2 25 y : 


) V 6 i nhung bieu thuc kieu - 


ta se co hai each xu 


yj2x 2 +16 xy + 7y 2 yjly 2 + 16yz + 7z 2 

ly de tim ra bdt phu 

• Cach 1 : Su dung may tinh cam tay Casio fx - 570es nhu sau: 

Do yeu c'au tim gia tri nho nhat cua P nen ta se danh gia de tim ra bdt phu nhu 


sau, gia su 


yj2a 2 +\6ab +7 b 2 


>ma + n;\/a,b&[ 0;3); ta coi 


25a 2 


fr = 10 Q=^/(fl) = 

y2a z +1600a + 7.100 2 

Luc nay an con lai se la a va do ta du doan a — b nen ta se coi nhu diem roi la 
a — b — 100 ( chi la diem roi tarn thdi, chua dung den a — b = c = 1 nhe ). 

Vaytaxet f(a) = — j = 25a >ma + n 

V2a 2 +1600a+ 7100 2 

De tim m;n ta xet he phuong trinhsau. 

/(I00) = 100m + n 
/'(l00) = m 
Vay ta chung minh 


n = 8 ;n = -300 = -3b(do...b = 100) . 


>8a —3&;Va,&e(0;3)(*) 


•v/2 a 2 +16 ab+7b 2 

+ Neu 8a - 3b < 0 (*) luon dung. 

+ Neu 8a - 3b > 0 ^ (*): (25a 2 ) 2 - ( 8 a - 3 bf (2a 2 + 7b 2 +16 ab) >0(**) 

De phan tich ta chu y rang do a = b => (**) se co nghiem kep la a — b hay 
(y — b'j 2 la nhan tu chung, vay ta nhap vao may tinh casio fx 570es bieu thuc 


(25a 2 ) 2 - (80 - 3 bf (2a 2 + 7lr + 16«i>) 

(a-bf 


CALC:a=100;b=-^— 

- 1112 —> thu dupe kq 


= 4970065,994 
Ta phan tich 

4970065,994 = 497.00.66-— = 4970000 + 66 -— = 497a 2 + 66 ab - 63 b 2 

10000 10000 
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Chink phuc BBT trong ky thi Qitoc Gia 


Nguyen Tien Chinh 


Ban dang thac mac, tai sao ko de nguyen la 66 ma lai la 66 ab 
Tra ldi 

(l5a 2 ) 2 -(8a-3bf(la 2 +7b 2 +16ab) 

o O bieu thuc -- - -k-- - khong co hang tu tu do, 

M) 

tat ca deu co chua bien a,b do do khi phan tich se ko the co hang tu tu do, hon 

nua ta cho a = 100; b = —— =>a.b = 1 => 66 = 66.1 = 66 ab (ban nhd dieu nay nhe ). 

100 y 

Vay luc nay 

(25a 2 ) 2 - (8 a - 3 bf (la 2 + 7b 2 + 16a&) = (a- bf (49 7a 2 + 66 ab - 63 b 2 ) > 0 (* *) 

Do 497a 2 +66ab — 63b 2 =(71a — 21bf7a + 3b')>0fdo..8a — 3fr>0)vay (**) luon 
dung, dau " = " xay ra khi a — b. 

• Cach 2 : Khong su dung may tinh casio 


yjla 2 + I6ab + 7b 2 


> ma+nb;Va,b € - 


Xet / - = 


hpt 
f(l) = m + n 


r , do ta du doan a = b =>- — = 1 , de tim m,n ta xet 


+ 16 - +2 


/•(!)=” 


+>• m = 8;n = -3 , vay ta se chung 


minh- 


25a 2 


> 8a — 3b;\/a,b e (0;3) 


” ^2a 2 +16ab + 7b 2 

Thuc hien giong each 1. Den day ta co ldi giai 
Ta co 

25x 2 


= >8x-3y;Vx,ye(0;3)(l) 


^2x 2 +16xy + 7y 2 
+ Neu 8x — 3y < 0 => (l) Luon dung 

+ Neu 8x-3y >0=>- (l)^(x-y) z (71x-21y)(7x+3y)>0 luon dung vdi 8x-3y>0 
Dau bang xay ra khi x = y 
Chung minh tuong tu ta co 


2 5y 2 

•^2y 2 + 16yz + 7y 

Luc do 


r>8y-3z;Vy,ze(0;3)(2)dau // = " xay ra khi y = z 
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Chink phuc BDT trong ky thi Qitoc Gia 


Nguyen Tien Chinh 


z 2 ( 34 


- — 3x -)-5(x + y + z) — 8zH- h z 2 


P>8(x + y)-3(y + z) + 


P > 3H- J + z 2 — 8z +15 > z 2 — 2z +15 = [z, — l) +14 > 14 , dau " = " xay ra 

khi z = 1 , vay MinP = 14<^x = y = z = l . 

* Nhan xet: 

Day cung la mot vi du chung toi da tie cap tai trong phuang phdp he so bat dinh, va 
ding la. lei gidi thuc hien theo phuang phdp he sobat dinh, vay neu thuc hien bai todn 
nay theo phuang phdp tiep tuyen thi se nhu thendo? Ban doc tiep tuc theo doi lai gidi 
o Trade het ta can khang dinh rang tiep tuyen cua ham so la mot duong thang, 
hay noi chinh xac no phai la mot ham so bac nhat, de thuc hien dupe bai toan 
nay theo phuong phap tiep tuyen ta se lam nhu sau. 

• Cach 3 : Phuong phap tiep tuyen 

25a 2 ^ ... . 25 . . , .f b) 


V2a 2 +16ab+7b 2 


Xet f - = 


>ma + nb;Va,be(0;3)*>- 


f 16 - 


+ 16 - +2 


f + % w 

r , do ta du doan a — b = 


= 1 , de tim m,n taxet 


hpt 

Dat t = -;=> f(t)= i ^ == do du doan a = b = 1 nen ta se lap phuong 
a y7t 2 +16f+ 2 

trinh tiep tuyen cua ham so /(f) tai diem co hoanh do t = 1, phuong trinh co 
dang 

Vay ta se chung minh 

^ =>8 — 3f hay 


J2x 2 + 16 xy+7y 2 


>8x-3y;Vx,ye(0;3)(l) 


yj7t 2 +16f+ 2 
+ Neu 8x — 3y < 0 +> (l) Luon dung 

+ Neu 8x-3y >0+> (l)<^>(x-y) 2 (71x-21y)(7x+3y)>0 luon dung vdi 8x-3y>0 
Dau bang xay ra khi x = y 
Chung minh tuong tu ta co 


25y 

^2y 2 1 6yz 7 y 

Luc do 


r>8y-3z;Vy,ze(0;3)(2)dau // = " xay ra khi y = z 
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\chinh phuc BBT trong ky thi Quoc Gia Nguyen Tien Chinh 


/ \ / x z 2 (3 + x) / v 3 z 2 ? 

P >8(x + y) — 3(y+ zjH-= 3x H-5^xH-yH-z^ — 8z H-1- z 

P > 3^x + —| + z 2 — 8z +15 > z 2 — 2z +15 = (z — l) 2 +14 > 14 , dau " = " xay ra 

khi z — l, vay MinP = 14<^x = y = z = l . 

• Cach 4 . 

Gia su ta xet bieu thilc sau / (x) = , 25x ( coi nhu an la x;y la tham so ), 

y2x 2 +16 xy+7y 2 

ta se di thiet lap phuong trinh tiep tuyen cua ham so nay nhu sau 
o Theo du doan diem roi, ta co x = y =>- pttt cua ham so 

Ta co /'(y) = 8;/(y) = 5y =>pttt:y = 8(x-y) + 5y = 8x-3y , den day ta lam 
giong tren nhe. 

* Chu y de tinh dao ham nhanh ta lam nhu sau 

1. An Shift + — t™. m ay. X uat.hien 

J dx dx K ,x = 


^2x 2 + \6xy + 7y 1 ) x=y 
Ban hieu roi chu ? ta se cung co them kien thuc bang mot so vi du nua nhe 


2. Nhap — 

dx 


cua bieu thuc P 


cac so thuc x,y,z duong va 
x(3x + y) 2 ^ y(3y + z) 2 

3x z — 2xy + y 2 3y 2 -2xy + z 2 


x+y+z = 3 . Hay tim gia tri Ion nhat 

;| z ( 3z + x f 

3z 2 - 2xz + z 2 


Phan tich va dinh hudng giai. 

o Truoc het, do x,y,z >0 va x + y + z = 3 nen du doan x = y = z = 1 . 
o Bai toan yeu cau tim gia tri nho nhat cua P nen ta danh gia P > M = ? , tu do 

ta co y tudng danh gia ^( 3x + y) < mx +ny 
3x 2 — 2xy + y 2 — 


o De tim ra BDT phu nay ta lap pt tiep tuyen cua ham so f(x) = 


x{3x + y) 2 
3x 2 -2xy + y 2 


tai 


diem roi du doan x = y, phuong trinh tiep tuyen co dang y = /' (y) (x — y) + / (yj 
Lam tuong tu bai mau 04 ta de dang tim dupe /' (y) = 4;/ (y) = 8y , vay ta co 
phuong trinh tiep tuyen la y = 4 (x - y) + 8y = 4 (x + y) 
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| Chinh phuc BBT trong ky thi Quoc Gia Nguyen Tien Chinh 


o Ta chung minh 

x(3 x + yf x(3x + y) 2 -(3x 2 -2xy + y 2 )(4x + 4y) (x-y) 2 (-3x-4y) 

—f- - L —<ix+± y<^—-- ^-- < 0 --^<0*) 

3x — 2xy+ y 3x -2xy + y 3x - 2 xy + y 

Ta thay luon dung vi 

x)\j e (0;3)=^-3x-4y <0;3x 2 -2 xy + y 1 = (x-y'f + lx 2 > 0 
Dau bang xay ra khi x — y 
* Chuy: 

De phantich x(3x+y) z -(3x 2 -2xy + y 2 )(4x + 4y) =(x-y) 2 (-3x-4y)ta dung Casio nhu 
sau 

Do du doan x = y =>- bieu thuc se co [x-yf la nhan tu chung, do do ta nhap 

x(3x + y) 2 -f3x 2 -2xy + y 2 )(4x + 4y) i 

(x-yf 100 y 4 


—300,004 = —300—— = —3x — 4y . 

100 y 

Vay ta co lbi giai 

+ iix t + + + ; (r-yf (-3*-4y) 

3x 2 -2 xy + y 2 3x 2 -2 xy + y 2 3x 2 -2xy + y 2 

*{ 3 >+rf y( 3 y+-H 3 !' I - 2 -!'+ 2l )( 42 + 4 !') , 0 .. (y-y(-3y-42) , . 

3y 2 -2zy + z 2 3y 2 -2zy + z 2 3y 2 -2zy + z 2 

z(3z + xf z(3z + x) 2 -(3z 2 -2xz + x 2 )(4z + 4x) (z-x) 2 (-3z-4x) , . 

—i--—- < 4z + 4x 43- —---C--- < 0 •£> -r 3 -—---i<03 

3z -2xz + x 3z -2xz + x 3z -2xz + z 


Tu (l), (2), ( 3 ) =>■ x = y = z = 1 , Cong ve voi ve ta co 

r _ x(3x + y) | y(3y + z) ^ z(3z + x) 

3x 2 -2xy + y 2 3y 2 -2xy + z 2 3z 2 -2xz + z 2 
Vay MaxP = x = y = z = l . 

Bai toan dupe giai quyet 


<8(x + y + z) = 24 


Cho cac so thuc x,y,z duong va x+y+z = 3 . Hay tim gia tri nho 
nhat cua bieu thuc P = —— --+—— --+- 


y +yz + z z +xz + x x + xy + y 


Lbi giai 

Hoan toan giong vi du tren, ta gia su thiet lap phuong trinh tiep tuyen cua ham 


/(*) = 1— ^ 7 tai * = y 

x +xy + y 
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Chink phuc BBT trong ky thi Quoc Gia 


M 2 1 
Phuong trinh tiep tuyen y = —x — —y 


Ta chung minh f(x) -- 


dau bang xay ra khi x — y 


;:*=5-,> x - y< 

x 2 + xy+y 2 3 3^ 


Nguyen Tien Chink 


(*-y)Vy) >o ;V ( 0 ;3' 

x 2 + xy + y 


- Tuone tu ta cung —— -- >—y — z : — - 

& & y 2 +yz+z 2 ~ 3 3 z 2 + xz + x 

Cong ve voi ve ta co P = —— --+ —— --+ ——— 

y +yz + z z +xz + x x~+xy + y z 

Vay MinP = l^x = y = z = l 


x±y±z = 1 


Cho cac so there x,y,z duong . Hay chung minh rang 

P- fl4 | fr 4 | c * 

a 3 +b 3 b 3 +c 3 c 3 +a 3 2 


Phan tich va dinh hudng giai 

o Trudc het ta thay ngay tinh doi xung trong bieu thuc P nen du doan a = h = c 


a 3 +b 3 


o Ta thiet lap phuong trinh tiep tuyen cua ham so f (a) 
hoanh do a = b , phuong trinh co dang y = / 1 (b) [a — b) + / (b'j voi 

o Viec tiep theo ta chung minh 

5 3 (a-bf(3b 2 +ab-a 2 ) 

f( a ) = ^—>*a--b<*± --v--> 0;Vfl,b> 0 

J[) a 3 +b 3 ~ 4 4 4 a 3 +b 3 ) 


- tai diem co 


n . . ~ ' k 4 5, 3 c 4 5 3 

Tuong tu ta cung co —- -> —b-c-->—c- a 

8 b 3 +c 3 — 4 4 c 3 +a 3 — 4 4 


A/ t • A/ . / _ fl 0 C 

Cong ve voi ve ta co P = —— -h— -— T +— —- 
a +b b +c c +fl 

Dau " = " xay ra khi a — b — c . 


- (dpcm) 


Cho x, y, z la cac so there dtrang thoa man x + y + z = 3 . Tim gia tri nho nhat 


, „ x y z 2(xy + yz + zx) 

cua P = — + — +---- 


e e y e 


Phan tich va dinh hudng giai 

o Trudc tien ta cung de dang du doan diem roi cua bai toan la x = y = z = 1 
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| Chinh phuc BBT trong ky thi Quoc Gia Nguyen Tien Chinh 


o Quart sat bieu thuc P co chua l[xy + zy + zx) chua doc lap ve bien, mot each 
tu nhien ta nghi ngay toi bieu thuc 

(x + y + zf = x 2 + y 2 +z 2 +2(xy + zy + zx)^2(xy + zy+zx) = (x + y+zf-x 2 +y 2 +z 2 


o Voi x + y + z = 3 «ac6 P = ± + ^ + X + !L + ± + ^_l . 

e x e e y e e z e e 

Xet ham so f (x) = — tren (0;3), phuong trinh tiep tuyen cua ham so 
e x 

y = /' (l )(x — l) + / (l) = ——X + — , ta chung mirth 
1 1 2 oc xf , 2.x 

fix) = — >- X-\ — — >-1- viec chung minh kha dan gian bang bang bien 

v ’ e x e e e x e e 

thien, xin danh cho ban doc 
Tuong tu cung co 

y e y ~ e e e y e e 

d \ 1^1 2 z z 2 2 z 

v ’ e z e e e z e e 

Cong ve lai ta co 

x y z ^ It 2 2 2\ 2 ( \ X y Z It 2 2 6 

e x e y e z e' ' e v ' e x e y e z e V 3 ’ e 

«_£=_! 
e e e 
3 

Vay MinP = — x = y = z=l. 


(DH 2003) Cho cac soduong x,yvdz thoa man x+y+z <1. Chung minh rang 
I x 2 + —— + \y 2 +\+\z 2 + \>J82 


Phan tich va dinh huong giai. 


f( x ) = Jx 2 + ~2 tai diem cohoanh do x o = ^ ^ V~f( x o) = f( x o)( x ~ x o) hay 


80 162 _ ., t , , 
y ~ — -j=x + —-== . Do do ta se di chung mmh x 


I - A -I-7= . L/U C1U L a OC Cll Cl L Lll Lbl 11 LULU I A "I-— ^- ~j == A "I-7= 

\I 82 3 \l 82 V x 2 y 82 3^82 

BDT tuong tu va cong lai, su dung gia thiet ta suy ra di'eu phai chung minh. 


. Khi do ta co cac 


L di giai 
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Chink phuc BDT trong ky thi Quoc Gia 


Nguyen Tien Chink 


Tu gia thietbai toan ta suy ra x,y,z e(0;l) 

- ct \ i 80 162 

Xethamso f[x) = . x +— + -^=x- voi xe 

V x 2 v 82 3g82 


( 0 ; 1 ) 


Tac6 f(x)= X . I . .jzSjL; f"(x) = 

x\P 7 V ^ 


6 _ 2 ^ 
v 2 + v 6 

-£- fb >0,Vx>0 

l v 2 1 


Suy ra phuong trinh f' (x j = 0 co nghiem duy nhat x = 
Bang bien thien 


X 

0 i 1 

3 

f, W 

0 + 

f(x) 

+0O \ fW 

o 


c d \ 2 1 80 162 /1) „ 

Suy ra f(x) = Jx + — + —j=x -=>/ - =0 

^ JK M x 2 482 3482 J [3) 

Hay Jx 2 + -4- >— ^. x+ ^4_ (*) tuong tu ta co 

V x 2 482 3482 ' 


h 1 80 162 

f 7 m^ y ' 


2 1 ^ 80 162 

— —-■==? 1/ i-S= / , Z H —— >- H -7= 

• 2 482 3482 V z 2 482 3V82 


Cong ve voi ve ta dupe 

I 2 1 7 44 r 2 F 80 f s 162 ^ f— 

V x 2 \ y 2 V z 2 V32 7 482 

Dang thuc xay ra khi va chi khi x = y = z = ^ . 


Qjq ^ ^ z ^ c £ c t j 11 _ rc duang thoa man x + y + z = 3 . 
Tim gia tri lan nhat cua P = xlnx + ylny + zlnz-x 2 -y 2 -z 2 . 


Lai giai 

o Xet ham so / (x) = In x; x e ( 0; 3) , do du doan duoc diem roi la x = y = z = l , ta 
thiet lap o phuong trinh tiep tuyen cua ham so /(x) tai diem co hoanh do x = l 
Phuong trinh co dang y = f' (l)(x -1) + /(l) = x -1 
o Tachungminh Znx<x-l<»Znx-x + l<0(*);Vxe(0;3) 
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Chink phuc BDT trong ky thi Quoc Gia 


o Xet g(x) = Znx-x + 2=>y'(x) = — -1 = 0 o x = l 

o Lap bang bien thien ta thay g(x) <g(l) = 0 vay (*) ludn dung, dau "=" xay ra 
khi x = l tuday ta co xlnx<x 2 -x=> xlnx-x 2 <-x 
\ylny-y 2 <-y 
\zlnz-z 2 <-z 


Nguyen Tien Chink 


Do tinh doi xung nen ta cung co 


Cong ve voi ve ta co 

P =x\nx+ ylny + zlnz-x 2 - y 2 - z 2 < ~(x+ y + z) = -3 
Vay MaxP = -3 Dau “ = “ xay rakhi x = y = z = l . 


Cho x, y, z la cac so thuc duong thoa man x 2 + y 2 + z 2 = 3 . 
Tim gia tri ldn nhat cua P = x(l + lnx} + y(l + lny} + z(l + lnz}. 


Phan tich va dinh huong giai 

o Do co tmh doi xung giua cac bien, ma x, y, z la cac so thuc duong thoa 
man x 2 + y 2 + z 2 = 3 nen ta du doan diem roi la x = y = z = l. 
o Ta xet ham so f(x} = l + In x; Vx e (0;J~3 j , Phuong trinh tiep tuyen cua ham so 
nay tai x = 1 la y = x 

o Do yeu cau cua bai la tim gia tri ldn nhat nen ta se chung minh 
l + lnx< x = lnx-x + l<0 (da duoc chung minh d vi du tren) 

Vay l + lnx<xo x(l + lnx)<x 2 

Tuong tu cung co y(l + lny}<y 2 ;z(l + lnz)<z 2 , cong ve theo ve ta co 
P = x(l + lnx) + y(l + lny} + z(l + lnz)<x 2 +y 2 +z 2 = 3 
Vay MaxP = 3ox = y = z = l . 


Cho x, y, z la cac so thuc duong thoa man xyz = 3 . 

Tim gia tri nhd nhat cua P = yfiogfx + l + y]log 2 3 y + l + yJlog 2 Z + 1 . 


Phan tich va dinh hudng giai 

o Quan sat thay bieu thuc P doi xung va co chua cac ham log , d dieu kien lai 
chua tich cac bien, tir day cho ta y tuong lay loga hai ve d dieu kien va dat ah 
phu nhu sau. 
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Chink phuc BDT trong ky thi Quoc Gia 


Nguyen Tien Chinh 


o xyz = 3olog 3 x + log 3 y + log 3 z = l , dat a = log 3 x;b = log 3 y;c = log 3 z lucdotaco 

a + b + c = l va bieu thuc tro thanh P = yja 2 +1 + \]b 2 +1 + \lc 2 + 1 
o Bieu thuc chua cac bien hoan toan doc lap voi nhau, cho ta y tubng lap 

phuong trinh tiep tuyen cua ham so /(x) = \lx 2 +1 tai diem co hoanh do x = — : 


y = Jro x+ TTo 


I - 13 2 

Ta can chiing minh Vx 2 +1 a: 9x 2 -6x + 1 > 0 <=> (3x-l) >0 , dau 

4l6 4To K ’ 


bang xay ra khi x = — 


Vay ta c 


I - 1 3 

ya 2 +1> — j =a + — j = 

ylO JlO 

Jb^i>'b + 3 

yjio JlO 

ylc 2 +1 >-j=c + -^= 
\llO V20 


Cong ve ta co 

P = ~Ju 2 +1 + yjb 2 +1 + y/c 2 +1 — j^=(ci + b + c) +• — j= = 

4To K ’ yfld 

=> MinP = \[l0 <^>a = b = c = -ox = y = z = y[3 . 

3 * 



Phan tich va dinh huong giai 

o Quan sat thay x,y doi xung do do ta du doan diem roi x = y , thay vao dk ta 

C K4H 4) = 4 «-3 —>> = 3 

o Trong P co hai bieu thuc doc lap, khien ta suy nghi dung tiep tuyen de danh 
gia hai bieu thuc nay 
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Chink phuc BBT trong ky thi Quoc Gia 


> Xet ham so /(x) = yjl + x 2 co pttt tai x = 3 la y = —j=~ 


Nguyen Tien Chink 


Ta can chung minh Vx 2 +1 > <=> x 2 -6x + 9>0 <=> (x-3) 2 >0 , dau bang > 


ra khi x = 3 Vay 


" V20 

477l> ~^ x+ ir 0 {1) 


o Cong viec cuoi cimg ta danh gia xy , voi ban mdi hoc bdt se ra de nham lan vi 
se dung AM - GM danh gia xy < tuy nhien ban de y se thay cluing 

ngupc dau, ta se dung den dieu kien nhu sau. 


x\ 1--| + J 


~ =4(*)< 


x y ,^~\xy . , 

x+y = —+—+4>2 —.— + 4 = 6 
y x \y x 

( X+y )^( X+ y ) 2 -= 


Nhu vay viec don bien da hoan thanh, ta dat t = x+y>6 

"CM 

J.2 3 O tit—4 ^ 3 

Xet f(t) = —+-?=t+-P^;Vt>6^f’(t) = -± - +-*>0;Vt>6 

u t -2 4To 4To w (t- 2) 2 V 10 

Vay /(f) dong bien vdi Vf >6=>/(f)>/(6) = 9 + 2\/l0, 

Ket luan MinP = 9 + 2-JlO , dau bang xay ra khi t = 6 <^> x = y = 3 . 







